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Abstract-h this note, we shall prove new existence results for the generalized quasi-variational 
inequality problem, which includes as particular cases all the existing generalizations of the classical 
variational inequality problem. 
1. INTRODUCTION 
Given two non-empty subsets K and C of R” and llF, respectively, a multifunction X from K 
into K, a multifunction F from K into C, and two single-valued functions 8 : K x C -+ Wn 
and r : K x K -+ JR”, the generalized quasi-variational inequality problem (briefly, GQVIP 
(X, F, 8, T, K, C)), recently introduced by Yao in [l], is to find (2, 9) E K x C, such that 
fr E X(k), jr E F(k) and (W&Y), 7(x,2)) 2 0, for all x E X(2), 
where (., .) denotes the scalar product in Bn. Such a formulation extends at one time the gen- 
eralized variational-like inequality problem introduced in [2] by Parida and Sen (X(z) = K), 
and the generalized quasi-variational inequality problem introduced in [3] by Chan and Pang 
(n = m, C = Rn, 0(x, y) = y and T(U, x) = u - x), both being generalizations of the classical 
variational inequality problem. 
In this note, starting from a simple but meaningful proposition, we establish two existence 
results for GQVIP (X, F, 8, T, K, C) over sets that are not necessarily bounded. The first result, 
which extends and generalizes the celebrated Corollary 3.1 of [3], under standardized hypotheses 
on X, F, 8, T, K, and C, guarantees the existence of a solution if we are able to identify a compact 
(not necessarily convex) set D, satisfying conditions which can be easily checked in many cases, 
In particular, no requirements of continuity are made on the multifunction X(x) n D. The 
second result extends and improves a result by Parida and Sen on the generalized variational-like 
inequality problem (see [2, Theorem 31). This will be done in Section 3, while in Section 2, some 
notation and preliminaries will be given. 
2. NOTATION AND PRELIMINARIES 
Given two topological spaces S, V, we say that a multifunction @ : S ---) 2” is lower semicon- 
tinuous if, for each open set R C V, the set @)-(a) = {s E S : (a(s) n Q # 0) is open. We say 
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that @ is upper semicontinuous if, for each open set R G V, the set (P+(n) = {s E S : ‘P(s) E 0) 
is open. We say that Q is continuous if it is both lower and upper semicontinuous. The graph 
of Q is the set {(s,v) E S x V : v E Q(s)}. For A G S, we put Q?(A) = lJA+(s). 
A topological space S is said to be contractible if the identity mapping of S is homotopic to a 
constant mapping of S to itself. We recall that any convex subset of a topological vector space 
is contractible. 
A subset K of a topological space S is said to be a retract of S if there exists a continuous 
mapping g : S + K such that g(x) = x for all x E K. The function g is called a retraction of S 
onto K. We recall that any closed convex subset of a normed space E is a retract of E. 
If A is a non-empty subset of W”, we denote by alf (A) the afhne hull of A and by ri(A) 
the relative interior of A, that is the interior of A in afF(A). For x E Wn and T > 0, we put 
B(x,r) = {y E lRn : IIy - x1( 5 T}, 1) . 11 being the usual norm on lRn, and B,. = B(O,r). Finally, 
if A E IP and C 2 IV, a multifunction @ : A --f 2c is said to be uniformly compact on A if for 
each x E A, there exists a neighbourhood W of x in A such that Q(W) is bounded. 
The next proposition shows the relationship between upper semicontinuity, graph closedness, 
and uniform compactness of a multifunction in a finite-dimensional setting. 
PROPOSITION 2.1. Let S, C be non-empty closed subsets of lRn and lP, respectively, and let 
@:&S-t2 c be a multifunction. The following conditions are equivalent: 
(a) Q is compact-valued and upper semicontinuous on S; and 
(b) Q is uniformly compact on S and has closed graph. 
PROOF. (a) =+ (b). Let xc E S and r > 0. The set V = B(xo, r)nS is a compact neighbourhood 
of x0 in S. By Theorem 3, in [4, p. 1161, Q(V) is compact, hence, bounded. Theorem 6, in [4, 
p. 1171 ensures the closedness of the graph of !P. 
(b) ti (a). Of course, Q is compact-valued. Let R 2 Rm be open, and let xc E S such that 
@(xc) C a. Since Cp is uniformly compact on S, there exists r > 0 such that @(B(Q,T) II S) is 
bounded. Thus, by the corollary in [4, p. 1181, the multifunction @(B(xO,rJns is upper semicon- 
tinuous. Thus, there exists 6 > 0 such that Q(B( x0,6) n S) G 0. The proof is complete. I 
3. EXISTENCE RESULTS 
The following proposition, that will play a fundamental role in the proof of our results, is 
stated in [5] and its proof follows immediately from the proof of Theorem 1 of [6] and from 
Theorem 7.1.16 of [7]. 
PROPOSITION 3.1. Let S be a topological space, let A 2 EP be a non-empty compact convex set, 
and let ip : S 4 2sff(A) be a lower semicontinuous multifunction, with closed graph and convex 
values, such that 
@(s) n ri(A) # 0, for all s E S. 
Then, the multifunction (a(s) n A is continuous. 
Now we state our first result. 
THEOREM 3.2. Let K, C be two non-empty closed convex subsets of lRn and IV”, respectively. 






: K x K + Wn continuous single-valued functions such that: 
(6(x, y), T(X, x)) 2 0, for all x E K, y E C; 
F is contractible-valued, compact-valued and upper semicontinuous on K; 
for each (x, y) E K x C, the function (8(x,y), 7(.,x)) is quasiconvex on X(x); and 
X is a convex-valued lower semicontinuous multifunction with closed graph. 
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Suppose that there exists a non-empty compact set D C K such that: 
(v) X(x) n D # 0, for all x E K; 
(vi) for all x E K\D, with x E X(x), and for each y E F(x), one has 
then the GQVIP(X, F, 8, r, K, C) has at least one solution belonging to D x C. 
PROOF. Let g be the retraction of lR” onto K. For each x E R”, define two multifunctions 
X0 : W” + 2Rn, F,, : Wn + 2c and two single-valued continuous functions 80 : Wn x C + 
IP, 70 : R2n + EP by putting X0(x) = X(g(x)), Fo(x) = F(g(x)), &(x,y) = O(g(x),y) and 
~~(u, x) = T(g(u),g(x)), for all x E Wn, y E C, and u E R”. It follows that: 
(i) (&(x,y), 70(x,x)) > 0, for all x E Wn, y E C; 
(ii) Fo is contractible-valued, compact-valued and upper semicontinuous; 
(iii) for each (x, y) E !Rn x C, the function (00(x, y), 70(-,x)) is quasiconvex on Xc(x) (since 
g(u) = u on X0(4); 
(iv) X0 is a convex-valued lower semicontinuous multifunction with closed graph; and 
(v) X0(x) n D # 0, for all x E IV. 
Let {Th} be a non-decreasing sequence of compact convex subsets of lRn, such that 
D c int (Tr) and U Th = R.“. 
hEN 
Fix h E N, and consider the multifunction Xh : Th + 2Th defined by 
xh(x) = x0(x) n Th, for all X E Th. 
By Proposition 3.1, the multifunction Xh is continuous. By Theorem 3.2 of [l], taking into 
account Proposition 2.1, there exist two points xh E Xo(xh) II Th and yh E Fo(xh), such that 
fOI' d U E x&h) n Th. 
Since Xo(Rn) C K, it follows that xh E K, hence, xo(Xh) = x(xh), &(Xh) =F(Xh)r ad 
(e(Xhy Yh), T(% Xh)) 2 0, for all u E X(xh) n Th. (1) 
By (vi), xh E D. By Theorem 3, in [4, p. 1161, the set F(D) is compact. Thus, there exists 
a subsequence of the sequence {(xh, yh)}, still denoted by {(xh, yh)}, converging to a point 
(x,3) E D x C. Since the graphs of F and X are closed, it follows that x E X(x) and 9 E F(k). 
We claim that 
(0(x, 9, ~(u, a)) 2 0, for all u E X(x). 
On the contrary, assume that there exists some ii E X(x), such that (0(5&p), ~($2)) < 0. 
Let fi E N be such that ti E Th. Of course, we can suppose G E int(Th). Since X is lower 
semicontinuous, there exists a sequence {Uh) converging to ti such that uh E X(xh), for all h E N. 
Let ho E N be such that Uh E Th, for all h > ho. Since the function (x, y, u) --) (f3(x, y), ~(u, x)) 
is continuous, there exists hl E N such that hl > ho, hl > h, and 
(e(Xh17 Yhl 1, T(Uhl, Xhl )) < 0. 
Since Uhl E Th C Thl, this contradicts (1) and the proof is complete. I 
REMARK. Condition (i) in the statement of Theorem 3.2 above is satisfied, for example, if 
7(x,x) = 0, for all x E K. 
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Unlike the great part of the literature in the field (see, for instance, Theorem 3.3 of [l] and The- 
orems 3.2 and 3.3 of [3]), Theorem 3.2 above does not require the continuity of the multifunction 
X(x) rl D on the set D. The following very simple example illustrates this fact. 
EXAMPLE. Let n = m = 2, K = [0, l] x [O,+oo[ and D = [0, l] x (0). Let X : K + 2K be 
defined by 
X(u,v) = conv{(O, 0), (1, $1, 
for all (u, v) E K (“con9 standing for “convex hull”). As one can easily verify, the multi- 
function X is lower semicontinuous and its graph is closed. Moreover, X(u,v) f~ D # 0 for all 
(u, v) E K, but the multifunction X(u, v) n D is not lower semicontinuous on D. 
Our second result is the following. 







:K-,2KandF:K+2Cbetwonon- empty valued multifunctions, and 8 : K x C + Wn 
: K x K + JR” continuous single-valued functions, such that: 
7(x,x) = 0, for all x E K; 
F is contractible-valued, compact-valued, and upper semicontinuous on K; 
for each (x, y) E K x C, the function (0(x, y), 7(.,x)) is convex on X(x); and 
X is a convex-valued lower semicontinuous multifunction with closed graph. 
Suppose that there exists a point x0 E U X(x) and a constant p > ((x01( such that, for each 
XEK 
x E X(x), with llxjj = p, one has 
SUP (e(x,Y), T(x~,x)) 2 0. 
YEW) 
Then there exists a solution to the GQVIP(X, F, 8,r, K, C). 
PROOF. By Proposition 3.1, the multifunction X(x) n B, is continuous. Then, by Theorem 3.2 
of [l], taking into account Proposition 2.1, there exist 2 E X(k) fl B, and 9 E F(k), such that 
mw, T(u,~)) 2 0, for all u E X(k) n B,. (2) 
We distinguish two cases: 
(a) Let [(5kl( = p. Th en, since x0 E X(k) n B,, it follows that (e(k,jr), T(XO, jc)) = 0. Let 
u E X(k). Since jlwll < p, there exists X E (0,l) such that Xx0 + (1 - X) u E B,. By (2) 
and (iii), we have 
0 5 (e(q), 7(x x0 + (1 - x) U, 2)) 
I i! (e&f), ~(xo, k)) + (1 - A> (e(% i% T(U~ k)) 
= (1 - A) (8(k,j$ T(U, 2)). 
(b) Let j(EtJJ < p. G iven u E X(k), let X E (0,l) b e such that Xji + (1 - A) u E B,. Then we 
have: 
o < (e(k,jq, T(xk i- (1 - A) U, 2)) 
5 x (w, ?), T(% f)) + (1 - A) (e(% y), T(U, 2)) 
= (1 -A) (e(k,y), T(U,@). I 
As we mentioned in the Introduction, Theorem 3.3 above improves and extends to the present 
setting Theorem 3 of (21. Unfortunately, we have to notice that the statement of the latter theorem 
is not completely correct. The reason of this fact resides in an incorrect use of Theorem 3, 
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in (8, p. 1101 in the proof of Theorem 1 of [2]. In fact, the former result requires that the 
multifunction F, besides being compact-valued, is upper semicontinuous (in the sense of Section 2) 
in order to guarantee that the image of a compact set is compact. On the contrary, what they 
call upper semicontinuity, which corresponds to our graph closedness, is not sufficient to this aim, 
as the following simple example shows. 
EXAMPLE. Let f : [0, l] + W be the single-valued function defined by 
i 
1 
f(x) = I; 
if 2 # 0, 
, ifx=O. 
The graph of f is closed, but f([O, 11) = (-1) U [l, + co is not compact. Moreover, there is no [ 
x E [0, l] such that f(x)(u - x) > 0, for all u E (0, 11. 
REMARK. Making use of Proposition 3.1, it is not difficult to see that condition (v) in the 
statement of Theorem 3.4 of [l], as well as condition (iii) in the statement of Corollary 4.1 of [3], 
means to require that X is a convex-valued lower semicontinuous multifunction with closed graph. 
Finally, we refer to [9] for a detailed treatment of the basic facts of the variational inequality 
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